We study a 5d gravity theory with a warped metric and show that two N = 2 supersymmetric quantummechanical systems are hidden in the 4d spectrum. The supersymmetry can be regarded as a remnant of higherdimensional general coordinate invariance and turns out to become a powerful tool to determine the physical 4d spectrum and the allowed boundary conditions. Possible extensions of the N = 2 supersymmetry are briefly discussed.
I. INTRODUCTION
Over the past decade a considerable number of studies have been made on gauge/gravity theories with extra dimensions. In gauge-Higgs unification scenario, extra components of gauge fields play a role of Higgs fields [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . Attractive models of grand unified theories (GUTs) on orbifolds have been constructed, avoiding common problems of four-dimensional GUTs [12, 13, 14, 15, 16] . Higgsless gauge symmetry breaking can be realized via boundary conditions of extra dimensions [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] and a large mass hierarchy can naturally be obtained in this scenario [17] . A higher dimensional scenario with a warped geometry has been proposed to solve the hierarchy problem by Randall-Sundrum [29] . In the scenario, all scales except for the scale of gravity are reduced to the weak scale by a warped factor. According to this scenario, various attempts have been made to construct realistic models [22, 23, 30, 31, 32] . Randall and Sundrum have also proposed a mechanism to localize gravity in the vicinity of a brane [33] which has attracted enormous attention [32, 34, 35, 36, 37, 38, 39, 40] .
In constructing realistic models with extra dimensions, the spectrum of light Kaluza-Klein (KK) modes becomes important if those masses are accessible to future collider experiments. Thus, it will be worthwhile investigating what are characteristic features of the 4d spectrum of KK modes coming from extra dimensions. A related subject to study is to clarify the cancellation mechanism of divergences in loop corrections. Mass corrections to extra components of gauge fields are found to be finite at least at one-loop order. The finiteness is very important because finite quantities can be considered to be predictions of higher-dimensional theories though they will not be renormalizable. The cancellation of would-be divergences has not been, however, understood fully yet. 1 In a 4-dimensional point of view, the cancellation of divergences seems to be mysterious because it occurs only after all massive KK modes are taken into account. If we truncate massive KK modes at some energy, the cancellation becomes incomplete. Furthermore, the cancellation still occurs even when gauge symmetries are broken via orbifolding, the Hosotani mechanism, or boundary conditions. Therefore, it would be of great importance to reveal nontrivial structure hidden in the spectrum of KK modes and interactions between them.
A secret of gauge theories with extra dimensions has been uncovered in [44] . 2 It has been shown that an N = 2 supersymmetric quantum-mechanical system [46] is hidden in the 4d spectrum of any gauge invariant theory with extra dimensions. The N = 2 supersymmetry can be regarded as a remnant of the higher-dimensional gauge invariance. Our purpose of this paper is to extend the analysis of [44] to the 5d gravity theory with the Randall-Sundrum metric and show that two N = 2 supersymmetric quantum-mechanical systems are hidden in the 4d spectrum of the model. A part of the supersymmetric structure has already been pointed out in the literature [38, 47] . Those authors have noticed that the Hamiltonian of the mass eigenfunctions for massless/massive 4d gravitons can be written in a supersymmetric form H = D † D. They have not, however, found its superpartner in the system and also missed another N = 2 supersymmetric system. The authors have used supersymmetry mainly as a technical tool to solve the eigenvalue equations, especially the zero modes. In this paper, we show that the mass eigenfunctions for the metric fluctuation fields are governed by two quantum-mechanical systems with full N = 2 supersymmetry, and further show that the supersymmetry can be a powerful tool to determine the 4d spectrum and the allowed boundary conditions. This paper is organized as follows. We consider a 5d pure Abelian gauge theory with a warped metric in Section II. The results are not new but the purpose of this section is to show differences as well as resemblances between the 5d gauge theory and the 5d gravity one clearly. In Section III, we inves- 2 Howe et al. [45] discussed an N = 2 worldline supersymmetry for a realistic spin N/2 particle and succeeded to present field equations for massless and massive antisymmetric tensors in arbitrary space-time dimensions. The N = 2 worldline supersymmetry seems to have some connections to the N = 2 supersymmetry found in [44] , but a direct relation between them is not clear.
tigate the 5d gravity theory with the Randall-Sundrum metric and discuss the supersymmetric structure, allowed boundary conditions compatible with the supersymmetry, and the physical spectrum in detail. Section IV is devoted to conclusions and discussions.
II. 5D PURE ABELIAN GAUGE THEORY
In [44] , it has been shown that any gauge invariant theory with extra dimensions possesses a quantum-mechanical supersymmetric structure in the spectrum of the KK modes. Following the analysis given in [44] , we consider the pure Abelian gauge theory with a single extra dimension. All the results in this section are not new but the purpose to derive them is to make differences as well as resemblances clear between the 5d gauge theory and the 5d gravity theory discussed in the next section.
Let us consider the 5d pure Abelian gauge theory with a single extra dimension compactified on an interval
We choose the background metric as 3
The metric describes the warped geometry in the conformal coordinate discussed by Randall-Sundrum [29, 33] and will also be used in the next section. The x µ (µ = 0, 1, 2, 3) are the 4-dimensional Minkowski coordinates and z is the extra dimensional one. The extra dimension has two boundaries at z = z 1 and z 2 . The boundary conditions for the gauge fields will be determined later. It follows from Eq.(II.2) that the 5d metric G MN has the form
Then, the action (II.1) reduces to
where = ∂ µ ∂ µ and at the second equality we have integrated by parts and ignored boundary terms. To obtain the 4d
spectrum, we expand A µ (x, z) and A 5 (x, z) as
The mode functions f (n) and g (n) are taken to be the eigenfunctions of the Schrödinger-like equations
Although the above notation for D and D † seems to be strange,
is actually hermitian conjugate to D = ∂ z with respect to the inner product 5
We note that the factor e A comes from the expression of the action (II.4). Therefore, as was shown in [44] , the equations (II.7) and (II.8) can be unified into a supersymmetric form
where H is the Hamiltonian
and the supercharges Q, Q † are defined by
These operators act on two-component vectors
with the inner product
It follows that the eigenvalue m 2 n for f (n) and g (n) is doubly degenerate except for m 0 = 0 and that they are related each other as
with appropriate normalizations. It should be emphasized that the existence/nonexistence of the zero mode depends on the boundary conditions at z = z 1 , z 2 . It follows from the analysis in [44] [48, 49, 50] that only the following types of boundary conditions are compatible with the supersymmetry:
We then find that with the boundary conditions the Hamiltonian H is hermitian and the supercharges Q, Q † are hermitian conjugate to each other, as announced before. We should note that QΨ(z) and Q † Ψ(z) satisfy the same boundary conditions as Ψ(z), otherwise the supercharges would be ill-defined. The zero mode solutions with m 0 = 0, if exists, should satisfy the first order differential equations
The equations are easily solved as 
where
(II.26)
We should make a few comments here. The 4d gauge symmetry is broken except for the type (N, N) boundary conditions because there is no massless vector for other boundary conditions [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] . The modes A 
III. 5D GRAVITY WITH RANDALL-SUNDRUM BACKGROUND
In this section, we investigate the supersymmetric structure of the 5d gravity theory with the Randall-Sundrum background metric [29, 33] in detail. The analysis will make differences as well as resemblances clear between the 5d gravity theory and the 5d gauge theory discussed in the previous section.
A. Set up
We consider a five-dimensional braneworld gravity with a single extra dimension compactified on an interval [29] 6 :
where z i (i = 1, 2) are the locations of the two branes, and M is the five-dimensional Planck scale. The g UV µν (g IR µν ) is the 6 In this paper, we use the convention:
A typical spectrum of f (n) and g (n) . A zero mode f (0) (g (0) ) appears for the type (N, N) (type (D, D)) boundary conditions, while there is no zero mode for other boundary conditions. All nonzero modes are doubly degenerate between f (n) and g (n) . metric induced on the UV (IR) brane. The bulk cosmological constant Λ and the brane tensions σ UV and σ IR are tuned to give the warped metric
Here, the location of the UV brane is chosen such that the warp factor is set to equal to 1 on the UV brane (z = z 1 ).
B. Quadratic Action
We investigate the gravitational fluctuations around the RS background solution (III.2):
The action is invariant under infinitesimal general coordinate transformations
which are translated into the transformations of the metric fluctuations
One might expand the fluctuation fieldsh
with some definite boundary condition for each mode function off (n) (z),ḡ (n) (z) andk (n) (z). It turns out, however, that the last term in Eq.(III.6) is incompatible with the above mode expansions. The compatibility between the general coordinate transformations (III.6) -(III.8) and the mode expansions leads to the following parameterization ofh MN :
Then, the quadratic action of the metric fluctuations is found to be of the form
This expression is consistent with the result given in [51] up to boundary terms, which are irrelevant in our discussions, and also with the equations of motion for the metric fluctuations in [52] . As we will see later, the general coordinate transformations are compatible with the mode expansions
with a definite boundary condition for each fluctuation field.
The mode functions f (n) , g (n) , k (n) should be chosen to be the mass eigenstates or to diagonalize the quadratic action (III.10). It turns out that they have to satisfy the following Schrödinger-like equations:
Surprisingly, we will find later that the mass eigenvalue m n is triply degenerate for f (n) , g (n) and k (n) except for zero modes.
We should make a comment on delta-function potentials that would appear at the boundaries in the above equations. Since we take an interval picture with two boundaries at z = z 1 , z 2 , the contribution of the delta-function potentials should be absorbed into the boundary conditions for f (n) (z), g (n) (z) and k (n) (z), which will be derived consistently from a supersymmetric point of view in the subsection III.D.
C. Supersymmetry
In this subsection, we show that a quantum-mechanical supersymmetric structure is hidden in the 4d spectrum. To this end, let us first consider the eigenfunctions f (n) and g (n) . The supersymmetric structure will become apparent if we express the equations (III.13) and (III.14) into the form
If D † is the hermitian conjugate to D, two functions f (n) and g (n) form an N = 2 supersymmetry multiplet. This is indeed true with respect to the inner product
with the boundary conditions
The factor e 3A in Eq.(III.18) is required because of the presence of it in the action (III.10), whose origin comes from the nontrivial metric (III.2). The boundary conditions (III.19) turn out to be compatible with supersymmetry and will be derived in the next subsection.
To rewrite the system into the N = 2 supersymmetric form, we introduce two-component vectors
where they are assumed to obey the boundary conditions (III.19). The inner product of Ψ 1 (z) and Ψ 2 (z) is defined by
Then, the Hamiltonian and the supercharges are given by
and
We further introduce the operator (−1) F with F being the "fermion" number operator as
It is easy to show that the operators H, Q, Q † and (−1) F form the N = 2 supersymmetry algebra 
(III.26)
Because of supersymmetry, Ψ
+ is related to Ψ (n) − , with appropriate normalization, as
(III.27)
In terms of the component fields f (n) and g (n) , we can write
It follows that f (n) and g (n) (or Ψ (n) ± ) form a supersymmetric multiplet except for the zero mode with m 0 = 0.
Let us next proceed to the analysis of a pair of the eigenfunctions g (n) and k (n) . One might expect that g (n) and k (n) could not form a supersymmetry multiplet because, if so, the mass eigenvalue m n is triply degenerate between f (n) , g (n) and k (n) but supersymmetry allows only even numbers of degeneracy between "bosonic" and "fermionic" states. Surprisingly, it turns out that g (n) and k (n) actually form a supersymmetry multiplet and that the spectrum can be described by another N = 2 supersymmetric quantum-mechanical one. A key observation is that the second differential operator
(III.14) can be expressed in two supersymmetric ways:
where D and D † are defined in Eq.(III.17), whileD andD † arē
To verify the relations (III.30), we will use the identity (A ′ ) 2 = A ′′ . A crucial point is thatD † is the hermitian conjugate toD with respect to the inner product (III.18) and the boundary conditions (III.19) for g (n) (z). The relation (III.30), however, seems strange because a zero mode g (0) with m 0 = 0 has to satisfy both of the equations
This is impossible because D † andD † are the first differential operators so that any (nontrivial) solution to D † g (0) = 0 cannot satisfy the other equationDg (0) = 0, and vice versa. A loophole in the above argument is that the eigenfunctions g (n) have no zero mode with m 0 = 0. The boundary conditions (III.19) for g (n) (z) actually forbid any nontrivial solution to D † g (0) = 0 andDg (0) = 0. The supersymmetric structure for g (n) and k (n) will become apparent if we express the equations (III.14) and (III.15) into the formD †D g
Then, the Hamiltonian and the supercharges are defined bȳ
We further introduce the operator (−1)F withF being the "fermion" number operator
As before, the operatorsH,Q,Q † , (−1)F satisfy the N = 2 supersymmetry algebra. The eigenfunctions g (n) and k (n) form a supersymmetry multiplet and are related each other, with appropriate normalization, as
We have shown that two N = 2 supersymmetric systems are hidden in the 4d spectrum of the 5d gravity theory. It suggests that the system could realize some extension of the N = 2 supersymmetry. One might expect that the two N = 2 supersymmetric systems could be embedded in an N = 4 supersymmetric one. This is not, however, the case because three-fold degeneracy does not match the standard supersymmetry. It may be necessary to search for some nonstandard extension of the N = 2 supersymmetry. We would like to discuss this subject before closing this subsection.
To this end, let us consider a pair of the eigenfunctions f (n) and k (n) which obey the equations
It turns out that the Hamiltonians H f and H k are related each other through the so-called intertwining relation 42) where the intertwiner A is given by
If we introduce the following operators
we then find the interesting relations
It should be emphasized that Q and Q † are the second order differential operators, as opposed to the ordinary supercharges, and that the left-hand-side of the first equation in Eq.(III.45) is given by the square of the Hamiltonian H but not the linear of it. The system with the nonlinear algebra has been discussed in [53, 54, 55, 56, 57, 58, 59] as an extension of the N = 2 supersymmetry. Another type of extensions of the N = 2 supersymmetry has also been discussed in [60] . The system may be characterized by the following nonlinear relations:
The system is shown to be N -fold degenerate except for zero modes. We note that the above nonlinear algebra reduces to the original N = 2 supersymmetry algebra when N = 2. Our gravitational system corresponds to N = 3 and the operators in Eq.(III.46) can be realized as
The above operators act on three-component vectors
Since H and Ω commute each other, we can have simultaneous eigenfunctions of them such as
It follows that the spectrum is triply degenerate (except for zero modes). In terms of the eigenfunctions f (n) , g (n) and
ω l are explicitly given by
(III.51)
D. Boundary Conditions
We have assumed in the previous subsection that the bound-
which imply that the original fluctuation fields have to obey
In five-dimensional braneworld gravity, two approaches have been proposed to obtain the boundary conditions. The first is to impose the Z 2 orbifold symmetry to the equations of motion, and simply integrate them around the neighborhood of orbifold fixed points to obtain the junction conditions [51, 61, 62, 63, 64] . This is the most convenient way to obtain boundary conditions consistent with Israel junction condition [65] . It, however, seems not to be applicable to the interval picture (not the Z 2 orbifold picture), where the extra dimension is limited to the space between two branes and Z 2 symmetry is meaningless. The second is to introduce the GibbonsHawking extrinsic curvature terms [66] on branes and then obtain the boundary conditions by the variational principle [67, 68, 69] . Since the boundary conditions are crucially important to determine the spectrum, especially zero mode, it will be worthwhile deriving them from various different points of view. In this subsection, we propose the third approach to derive them from a supersymmetric point of view, which is quite different from other geometrical approaches. Let us start with the differential operator defined by
where H γ corresponds to the Hamiltonians for f (n) , g (n) and k (n) with γ = 0, 3(or 1) and 2, respectively. We then require H γ to be hermitian, i.e. ψ|H γ ϕ = H γ ψ|ϕ (III. 55) for any functions ψ and ϕ obeying appropriate boundary conditions. The hermiticity of H γ is found to be assured if ψ and ϕ satisfy
(III.56)
The conditions can be realized only if ψ(z) (and also ϕ(z)) obeys the following boundary conditions: 7
where θ i (i = 1, 2) are arbitrary real constants and κ is a nonzero real constant of mass dimension one, which is introduced to adjust the mass dimension of Eq.(III.57). The above result implies that the functions f (n) , g (n) and k (n) have to obey
for some real constants θ
. As was shown in the previous subsection, the eigenvalue m n for f (n) , g (n) and k (n) is three-fold degenerate. The degeneracy would not, however, hold for general values of θ f i , θ g i and θ k i because the supersymmetric relations between f (n) , g (n) and k 
The boundary conditions for g (n) (z) have to be independent of n, otherwise the superposition of g (n) (z) would be meaningless. It follows that
The conditions lead to
It may be instructive to note that the above conditions assure
satisfies the same boundary conditions as QΨ(z) and Q † Ψ(z). In other words, the supercharges Q and Q † act well-definedly on the functional space of Ψ(z), as they should do. We can repeat the same argument for g (n) (z) and k (n) (z). For the eigenvalue m n of g (n) to be identical to that of k (n) , they have to be related each other through the equations (III.63) and (III.64). We have already shown that the hermiticity of the Hamiltonians for g (n) and k (n) requires Eqs.(III.59) and (III.60). Those equations are compatible with the supersymmetric relations (III.63) and (III.64) only when
These conditions again insure that the superchargesQ andQ † act well-definedly on the functions .70) , is, however, incompatible each other. Hence, we finally arrive at the allowed boundary conditions (III.52) compatible with the supersymmetry, as announced before. It is interesting to note that for the 5d gauge theory discussed in the previous section there are four types of possible boundary conditions compatible with the N = 2 supersymmetry. On the other hand, for the 5d gravity theory, the boundary conditions are uniquely determined due to the existence of the two systems with the N = 2 supersymmetry.
E. Spectrum
In the previous subsections, we have discussed the mode expansions and the boundary conditions for the metric fluctuation fields. Although a number of studies have already been made on the 4d spectrum of the model, most of the works have concentrated on the physical spectrum by taking gauge fixing to remove unphysical degrees of freedom. In this subsection, we present the quadratic action for the full KK modes without gauge fixing, from which we can clearly know how to take the unitary gauge to express the action in terms of the physical degrees of freedom. h µν (x, z) . The mode expansion of h µν (x, z) is given by
Let us first consider the metric fluctuation field
where the mass eigenfunctions f (n) are defined by
It follows that the boundary conditions (III.73) allow f (n) to have a zero mode, i.e.
with m 0 = 0. The existence of the zero mode implies a massless graviton h
µν (x). The general solutions for n = 0 to the equation (III.72) with the boundary conditions (III.73) are found to be of the form
where J ν is the Bessel function of the first kind of order ν and Y ν is the Bessel function of the second kind (or the Neumann function) of order ν. The C (n) is the (real) normalization constant which will be determined by
The mass eigenvalues m n are obtained from the solutions to the equation
Let us next consider the metric fluctuation field h µ5 (x, z). The mode expansion of h µ5 (x, z) is given by
Thanks to supersymmetry, the function g (n) (z) can be obtained from f (n) (z) through the relation
As was noticed before, there is no zero mode for g (n) because a would-be zero mode solution does not satisfy the boundary
The mass spectrum of f (n) , g (n) and k (n) . The spectrum is three-fold degenerate except for the zero modes.
conditions and hence the mode has to be removed from the spectrum.
Let us finally discuss the metric fluctuation field φ (x, z). The mode expansion of φ (x, z) is given by
where the mass eigenfunctions k (n) (z) are defined by
Again thanks to supersymmetry, the functions k (n) (z) with n = 0 can be obtained from f (n) (z) through the relation
The zero mode k (0) (z) is given by the solution of the first order differential equation
which is consistent with the boundary conditions (III.82). The existence of the zero mode k (0) implies a massless scalar φ (0) (x), which is called a radion. A typical spectrum of the
Inserting the mode expansions (III.71), (III.78) and (III.80) into the quadratic action (III.10) and integrating out over the z coordinate, we have
To clarify the physical degrees of freedom in the 4d spectrum, we would like to take the unitary gauge, in which all unphysi-cal modes are gauged away from the action and only physical degrees of freedom survive. To this end, let us recall linearized general coordinate transformations in terms of the KK modes:
Here, we have expanded the gauge parameters ξ µ (x, z) and
It follows that we can take the unitary gaugê
with the choice
We should note that the zero mode φ (0) cannot be gauged away and is physical. Therefore, we conclude that the physical degrees of freedom are given byĥ
µν is a massless graviton,φ (0) is a real massless scalar that is called a radion, andĥ An alternative way to obtain the physical degrees of freedom is to rewrite the quadratic action (III.85) into the following simple form
It is now clear that the action (III.90) (without gauge fixing) depends only on the fieldsh 
IV. CONCLUSIONS AND DISCUSSIONS
In this paper, we have investigated the 5d gravity theory with the Randall-Sundrum background metric without taking any gauge fixing and shown that the 4d spectrum is governed by two N = 2 supersymmetric quantum-mechanical systems. The N = 2 supersymmetric structure is expected to be a common feature in any theories with local symmetries.
In Section II, we saw that each nonzero mode A 5 (n = 0) is ensured by the supersymmetry between the mode functions f (n) and g (n) . Thus, the origin of the supersymmetry lies in the higher-dimensional gauge symmetry.
It is now clear why the 5d gravity theory possesses two N = 2 supersymmetric systems in the 4d spectrum. We can take the gauge condition φ (n) = 0 for n = 0 by absorbing φ (n) into the longitudinal component of h (n) µ5 . 8 The supersymmetry between the mode functions g (n) and k (n) ensures a one-to-one correspondence between h (n) µ5 and φ (n) . We can further take the gauge condition h µν . The supersymmetry between f (n) and g (n) ensures a one-to-one correspondence between h (n) µν and h (n) µ5 . Thus, the origin of the two N = 2 supersymmetric structures lies in the higher-dimensional general coordinate invariance. It should be emphasized that the full supersymmetry is lost if unphysical degrees of freedom are removed from the spectrum.
We have discussed the boundary conditions from a supersymmetric point of view and succeeded to derive the allowed boundary conditions compatible with the supersymmetry, which are consistent with those obtained from a geometrical point of view [51, 61, 62, 63, 64, 67, 68, 69] . It will be interesting to point out the difference of the allowed boundary conditions between the 5d gauge and the 5d gravity theories. In the 5d gauge theory there are four types of the allowed boundary conditions. If we choose any boundary conditions other than the type (N, N), the 4d gauge symmetry is broken because no massless 4d vector appears, as depicted in FIG. 1. On the other hand, in the 5d gravity theory there is only a unique set of the boundary conditions, for which a massless graviton and a massless scalar appear.
We have shown that the mass eigenvalue m n of the mode functions f (n) , g (n) and k (n) is triply degenerate (except for the zero modes). A pair of { f (n) , g (n) } form a supersymmetry multiplet in an N = 2 supersymmetric quantum-mechanical system. Furthermore, a pair of {g (n) , k (n) } form a supersymmetry multiplet in another N = 2 supersymmetric one. We then expect that the two N = 2 supersymmetric systems would be embedded in a system with some extension of the N = 2 supersymmetry. The extension cannot be, however, the standard N-extended one because the number of the degeneracy between "bosonic" and "fermionic" degrees of freedom is necessarily even. We have discussed two possible extensions [53, 54, 55, 56, 57, 58, 59 ] [60] . An interesting fact is that both of them are nonlinear extensions of the N = 2 supersymmetry algebra. It would be of great interest to explore possible extensions of the standard supersymmetry.
Although the quantum-mechanical supersymmetry is shown to exist in the 4d spectrum, it does not imply that the theory possesses the supersymmetry because we have not 8 Precisely speaking, in the gauge condition φ (n) = 0 for n = 0, h (n) µν also absorbs φ (n) through the last term in the first equation of Eq.(III.86).
shown that the action is indeed invariant under some supersymmetry transformations. Interestingly, in [70] , by taking the R ξ -gauge the quadratic action of the 5d gravity theory has been shown to be invariant under transformations that are closely related to the supersymmetry found in this paper. It is, however, unclear that the invariance preserves in the full action. Further study should be done.
Our study is far from satisfactory. It will be worthwhile continuing further investigation on this subject. We should show whether or not the supersymmetric structure found in this paper exists in any higher-dimensional gravity theories. More importantly, we should clarify physical roles and importance of the supersymmetry in higher-dimensional gauge/gravity theories. The work will be reported elsewhere.
